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Abstract. This paper studies the curvatures of amoebas and real amoebas 
(i.e. essentially logarithmic curvatures of the complex and real parts of a real 
algebraic hypersurface) and of tropical and real tropical hypersurfaces. If V 
is a tropical hypersurface defined over the field of real Puiseux series, it has 
a real part M.V which is a polyhedral complex. We define the total curvature 
of V (resp. Ry) by using the total curvature of Amoebas and passing to the 
limit. We also define the "polyhedral total curvature" of the real part M.V of a 
generic tropical hypersurface. The main results we prove about these notions 
are the following: 

(1) The fact that the total curvature and the polyhedral total curvature 
coincide for real non-singular tropical hypersurfaces. 

(2) A universal inequality between the total curvatures of V and WV and 
another between the logarithmic curvatures of the real and complex parts 
of a real algebraic hypersurface. 

(3) The fact that this inequality is sharp in the non-singular case. 



1. Introduction 

For an affine real smooth algebraic hypersurface X C C""'""'^ with real part 
C K.""*"^ there is an universal inequality between the total curvatures of the 
real part WX and the one of CX ( |Ris03j ) . similar to the "Smith's Inequality" 
between the sums of mod. 2 Betti numbers. In this paper we prove an analogous 
result in the tropical setting; it turns out that in the non-singular tropical case, 
this inequality becomes an equality; this fact is true in the algebraic world only up 
to any positive e and for special maximal varieties. For plane algebraic curves the 
only cases when the equality holds are the line, the ellipse and the parabola. 
Let us describe briefly the main results of the paper. 

If y is a tropical hypersurface defined by a polynomial with coefficients in the field 
of real Puiseux series, it has a real part M.V (see Subsection 12. 4p . Using the fact 
that V (resp. M.V) is limit of Amoebas (Resp. Real Amoebas), we define the total 
curvature of V (resp. RV) by using the total curvature of Amoebas and passing to 
the limit. 
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For the real part M.V, which is a polyhedral manifold, we also define its total curva- 
ture geometrically (as a polyhedral hypersurface) , and call it the "polyhedral total 
curvature" . 

Non-singular tropical hypersurfaces are those whose dual subdivision is primitive; 
they are the tropical counterpart of primitive T-hypersurfaces of Viro's patchwork- 
ing (see [Vir83] and |Vir84| ) . The main results we prove about these notions are 
the following: 

(1) The fact that the notions of total curvature and polyhedral total curvature 
coincide for real non-singular tropical hypersurfaces (Section [5|). 

(2) A universal inequality between the total curvatures of V and M.V (Subsec- 
tion 14. 2[) based on a similar inequality between the logarithmic Gaussian 
curvatures of the complex and real parts of a real algebraic hypersurface 
(Section [3]) . 

(3) In the non-singular case, this inequality turns out to be an equality (Sub- 
section 1121) ■ 

(4) A "Gauss-Bonnet's style" formula for the total curvature of a non-singular 
(complex) tropical hypersurface (Subsection I6.2[) . 

We would like to thank the referee for their useful comments. 
The structure of the paper is the following: 

Section 2 is a preliminary one: it introduces notation and basic properties of 
tropical and real tropical hypersurfaces. 

Section 3 treats the case of Amoebas, using the "Logarithmic Curvature" to 
define their curvature. 

Section 4 describes how we can define the tropical total curvature passing to the 
limit from the one of Amoebas, both in the real and complex cases, and contains 
the main results of the paper. 

Section 5 is devoted to defining directly the "Polyhedral Curvature" for a real 
non-singular tropical hypersurface and to proving that this technique gives the same 
notion of total curvature than the previous one in the tropical non-singular case. 

Section 6 gives some complements and applications, in particular a Gauss-Bonnet's 
style formula for non-singular tropical hypersurfaces, comparing the Euler charac- 
teristic of a generic complex hypersurface in (C*)"+^ and the total curvature of its 
tropicalisation. 



2. Preliminary 

2.1. Total curvature. In all the paper, R"+^ is considered with its canonical 
orientation, (t„ will be the volume of the unit sphere S"" C M""''^, and we will set 
a„ — TT . 

We have then: 

2 X (27r)" 



0'2n+l 



1.3... (2n- 1) 
(27r)"+i 



2.4... 2n 
2.4... 2n 

1.3...(2n- 1)' 



ON THE TOTAL CURVATURE OF TROPICAL HYPERSURFACES 



3 



Let MW C R"+^ be a smooth oriented hypersurface, g : WW MP" the Gauss 
map X i-^ Ux, where is a non-zero normal vector to MW at x. We define the 
curvature function x i— > k{x) on MW as the jacobian of g. The curvature of a 
measurable set U C BW is the integral Jjj \k{x)\dv of the curvature function on U. 
The total curvature of MW is then by definition: 

/ \k{x)\dv 
Jmw 

where dv is the canonical Euclidean volume form on RW C R"+^. It clearly satisfies 
the following equality : 

(1) / \k{x)\dv^ f #g-\P)ds 

JVLW JRP" 

where ds is the canonical volume form on MP" and assuming g~^{/3) is almost 
everywhere finite. 

One can think of the total curvature as the volume of Im(g) taken "with multi- 
plicities", the multiplicity of a point x being the cardinality of the fiber g~^{x). 

If now W C C"+^ is a smooth analytic complex hypersurface, one may define its 
curvature as the "Lipschitz- Killing" curvature K{x)d'w, where dw is the canonical 
volume form oxiW d C""*"^ and K -.W ^M the curvature function. 

Another way, due to Milnor, to define the function K is the following. Let 
7C : -J> CP" be the "complex Gauss map" x ^ [N^W], where N^W is the 
complex normal vector to W at x. One then has: 

(2) {-lYKdw = anllidp) 

where dp is the volume form on CP" (see |Lan79| ) : note that (— l)"iir(x) is a 
positive function on W . 

The following inequality is proved in jRisQ3| in the algebraic case: 

(3) — / \k\dv< ( \K\dw 

Jmv Jw 

This paper is devoted to defining similar notions and proving similar results in the 
tropical case. In particular we prove the same type of inequality for the logarithmic 
Gaussian curvatures which are the natural curvatures in the tropical setting and 
study its sharpness. 

2.2. Tropical hypersurfaces. In order to fix notations and definitions we use in 
this text, we recall briefiy basic notions in tropical geometry. We use the following 
notation: the scalar product is written z ■ v; for X = {Xi, . . . , Xn+i) and a = 
(ai , . . . , a„+i) we write X" := X"^ ; the set of vertices of a polytope A is denoted 
Vert{A). We tend to identify a point and its coordinate vector when it makes the 
notation less cumbersome. 

We consider the tropical semi-field T = (MU{— oo}, " +", " •"), where the tropical 
operations are defined by u" -I- "w = max{u,w} and u" • "w = m + u. A tropical 
polynomial / £ T[Xi, . . . , X„_|_i] is of the form 

f{X) = " = "iax„e£(/){u„ + X-a} 

"6£(/) 
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where £{f ) denotes the set of exponents of /. The Newton polytope of / will be 
denoted by A/. 

Given a tropical polynomial / and a point oj e M"+^, the w-initial part of / is 
7n„/(X):=" 

A tropical polynomial / determines naturally a polyhedral subdivision of ]R."+^ 
whose cells are formed of the sets of points defining the same initial part of /. 
Dually, the set of cells 

T/ := (A/„^/)„gR,i+i 

realises a regular subdivision of A/ . It is dual to the subdivision of M"+^ determined 
by / in the following usual sense. If c is a cell of the subdivision of determined 
by / there exists a unique dual cell c of Fy. It satisfies dim{c) + dim{c) = n + 1 
and c and c generate orthogonal affine subspaces. 

We say that a tropical polynomial / is generic ifTf is simplicial, non-singulcir 
if all the maximal dimensional cells of are primitives simplices, and primitive 
if A J! is a primitive simplex of dimension n + 1 . 

The corner locus of a tropical polynomial / e T[X] is the set of points co e 
where the value of / is attained by at least two of its monomials. Or equivalently, 
the set of points contained in cells of dimensions at most n. In this text, such a set 
will be called a tropical hypersurface. 

Definition 2.1. Let f G T[X]. The set 

V{f) := {lj e M""*"^ I Iriuf is not a monomial} 

is by definition the tropical hypersurface defined by f. 

We denote by Vert{V{f)) the 0-dimensional cells of V{f) and more generally 
Vert{Z) will always denote the 0-dimensional cells of the natural subdivision of a 
piecewise linear variety Z. 

2.3. Reed convergent Puiseux series and tropicalisation. A formal series 

^{t) = J2M'" 

reR 

is a locally convergent generalised Puiseux series if i? C M is a well-ordered 
set, /?,■ G C; and the series is convergent for t > small enough. Denote by K the 
set of all locally convergent generalised Puiseux series. It is an algebraically closed 
field of characteristic 0. A scries ^ G K is said to be real if all its coefficients are 
real numbers. We denote by Kr the subfield of K composed by the real series. 

Since the coefficients of a polynomial F G K[.ti, . . . , .t„+i] are locally convergent 
near 0, any polynomial over K (resp. Kk) can be thought as a one parametric family 
of complex (resp. real) polynomials. For any t, < t 4C 1, the complex (resp. real) 
polynomial Ft is the polynomial resulting of the evaluation of the coefficients at t. 

By hypothesis, the set of exponents of an element of K* has a first element. The 
map that sends each element of K* to the first element of its set of exponents and 
to oo is a non-archimedean valuation. We denote by val the opposite of such a 
map. In other words, 

val :K-)-MU{-oo} 
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maps X^rGR /^'"^'^ 7^ to —min{r \ l3r ^ 0} and to —oo. The map val extends 
naturally to the map Val : — > (M U {— oo})""'"^ by applying val coordinate- 
wise. The image of a variety V C K"+^ under the map Val is called the non- 
archimedean amoeba of V. 

Given a polynomial F e K[a;i, . . . , a;„+i] one can associate a tropical polynomial. 
This map is called tropicalisation and acts as follows: If F{x) — X]Qe£(-F) '^aX°', the 
tropicalisation of F is the tropical polynomial 

Trop{F){X) ^ wa?(c„)X"". 

aeE{F) 

Kapranov's theorem establishes that the non-archimedean amoeba of F and the 
tropical hypersurface V{Trop{F)) coincide. 

Given a tropical hypersurface V C R""*"^ and a polynomial F € K[a;i, . . . , Xn+i], 
we will say that F realises V if V{Trop{F)) = V. 

2.4. Real tropical hypersurfaces. Real tropical hypersurfaces are very closely 
related to Viro Patcliworking (See |Vir83j and | Vir84j ) . A description can be found 
in jBerlO| and one can look at ^Mik04| pp. 25 and 37, [VirOlj . and the appendix of 
[MikOQj in the case of amoebas for further details. 

We recall some definitions here for the convenience of the reader. 

Let F € KK[a:i, . . . , Xn+i] be a real polynomial defined over the field of real 
Puiseux series. 

Let wal : (IK*) — > R x S*^ be the map sending a real Puiseux series ^{t) = 
Erenf^rr to (t'aKC(0),arg(/3_„,,(^(,)))) and Wal : (K*)"+i ^ R"+i x (^1)"+' be 
the map defined by wal coordinate-wise. The map wal restricts to wal^ : (Kg) ^■ 
R X Z2 which sends £,{t) = "Ylr^RPrt^ {'"'^K^{^))-< sign{l3 _yai{^{t)))) a-nd we denote 
Wals^ : (Kg)"+^ — )• R"+i x Zj"*"^ the corresponding restriction of Wal. For any 
z S Zj^^ we will call orthant of the torus over the field of Puiseux series and 
denote by Qf« the preimagc of R"+i x {z} imder Wal^. As in the case of (R*)"+i 
an orthant is thus a choice of sign for each coordinate. The map Wal allows to 
consider the collection of images under Val^ of each orthant Q^* . 

Definition 2.2. A real tropical hypersurface V^{Trop{F)) is the data of 
Wal{V{F)) for a polynomial F G KR[a::i, . . . , a;„-)_i]. The real part of the real 
tropical hypersurface is WalB.{V{F) C] (Kg)"+^). 

Let us now compare this definition to the following patchworking procedure. 

Let / be a generic tropical polynomial, and d : £{f) — > {1,-1} be a distribu- 
tion of signs. Let (ei)i=i..„+i be the canonical basis of Z"+^ C R"+"'^. For z = 
ZiBi G Z"+^, let Sz ■ R"^"'" — i- R"^"'" be the symmetry mapping x — XiCi 
to Sz{x) = The map s^ only depends on the reduction modulo 2 

of the coordinates of z, so we will indifferently use the notation s^ for z E Z"+^ or 

zez^+i. 

Define the symmetrised distribution of sign S'^(?9) : £"(/) — > {1, —1} hy Sz{'d){v) — 
(— l)^ "'i9(i'). The maps Sz are involutions on the set {d} of sign distributions on 
£{f)- They define an action of (Z2)""'"^ on sign distributions. We will consider this 
action via the maps Sz below in Subsection [5] (for example in Proposition 15 . 1 2"1) . 

Definition 2.3. Let f be a generic tropical polynomial, and iS : £{f) {1, —1} a 
distribution of signs. 
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The patchworked real tropical hypersurface V^{f) is the data ofV{f) and 
d. The real part RV^{f) of V^{f) is a subset of IR"+i x Z^+^ consisting of 
relevant symmetric copies of cells ofV{f). Namely for each given z G Zg^^ and c 
a cell of V{f), s^c) C RF/(/) if and only if 

S,{d){Vert{c))^Z2. 

Here and below we identify the set of elements of Z2 with {1,-1} or {+,— } 
depending on which is more convenient. With this identification, the above equality 
5^(i?)(Feri(c)) = Z2 just means that not all vertices of c carry the same sign. 

Remark 2.4. The set MF/(/) n (R"+^ x {z}) is either empty or a polyhedral 
hypersurface. 

Remark 2.5. One can identify the real tropical hypersurfaces V^/(/) and V^^{f) 
one being obtained from the other by simultaneously reversing all signs (i.e., mul- 
tiplying by —1 for all v). The real parts RV"J^(/) and RV*^(/) are the same. 

If F G KR[a;i, . . . , Xn+i] is a polynomial with real series coefhcients, we associate 
to each monomial the sign of the first term of its coefficient. In particular this 
defines a natural sign distribution -dp : £{Trop{F)) {1,-1} at the vertices of 
the subdivision T'j^j,gp(^py The proposition below is a direct consequence of Viro's 
Patchworking. 

Proposition 2.6. Let F e ]Kr[xi, . . . ,Xn+i\ be apolynomial such thatTrop{F){X) = 
" "f^a^"" '■s generic. For uj £ R"+^ let a be in T in^Trop(F)- If for every such 

pair (w, a) the identity Trop{F){uj) — "uq-o;"" holds only if a is a vertex ofTxrop{F) 
then, T/Fa?E(F(F)n(KJ)"+i) = MV* {Trop{F)) i.e., the real part of the real tropical 
hypersurface coincides with the real part of the patchworked tropical hypersurface. 

Remark 2.7. In order to recover a hypersurface in (R*)"+^ from Ky/(/) one uses 
the map eyp : R"+i x Z^+^ (R*)"+^ defined by eyp((x,z)) := s^{exp{x)) where 
the exponential is applied component-wise. 

Example 2.8. Let fc be a second degree tropical polynomial "ao -I- aiX + + 
a^X^ + a/^XY -t- a^yY"^" such that V{fc) is the tropical conic represented on Fig- 
ure [1] a) and d be the signed distribution shown on Figure [1] b) . On Figure [21 
we have drawn the real part Ry/(/c) of the real tropical conic V^(/c) in each of 
the four quadrants x {2;} corresponding to the four elements of Zj. The axes 
are the dashed blue lines. The dotted-dashed black segments are the parts of the 
symmetric copies Sz{V{fc)) of V{fc) which do not belong to Ry*(/c). The real 
part WVf{fc) is depicted in plain thick red. In each region of \ Sz{V{fc)) we 
indicated the sign of each vertex in the sign distribution Sz ■ On Figure [3] we 
represented the image of RVjf (/c) under the map eyp (still in plain thick red). 

When no confusion is possible we will abuse notation and terminology and write 
Vf-{f) instead of RT/jf (/) and "real tropical hypersurface" instead of "real part of 
the real tropical hypersurface". For a vertex v of V^{f), when (v, z) is a vertex of 
Rl/|f (/), it will be implicitly denoted by Sz(v). Notice that if all vertices of v have 
the same sign, (v, z) is not in Ryj*(/). 
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a) A tropical conic 



b) Its Newton polygon with a distribution of signs 



Figure 1. A tropical conic V{fc) and the corresponding trian- 
gulation of its Newton polygon with a sign distribution at its 
vertices. 



3. Total curvature of real and complex amoebas 



Let F G Kr[xi, . . . ,Xn+i] be a polynomial defining a non-singular hypersurface 
in (IK*)"+\ For t G R*, \t\ < 1, F( G M[a;i, . . . ,a:„+i] defines a non-singular hyper- 
surface V{Ft) C (C*)""'""'^. We call it a real algebraic variety because Ft is defined 
over R and denote by RV{Ft) C (R*)"+i the real part of V{Ft). 

We will set A p for the Newton polygon of F (or Ft for < i ^ 1). We denote by 
Logj the map from (C*)"+-^ to M"+^ that sends (xi, . . . , Xn+i) to (logj(|a;i |), . . . , logi(|a;„+i |)) 
where logj is the base t logarithm. 

Definition 3.1. Set x = (.xi, . . . , Xn+i)- 

1) For F e K[a;],0 < t < 1, G C[a;], the amoeba ofV{Ft) is 



Remark 3.2. In each orthant Q C (M*)"+\ the map Logf Iq is a diffeomorphisni 
onto R"+^ then we may define the " Gauss map " gt : A^{Ft) MP"" by taking 
the Gauss map for the image of each orthant (then for some points of the Amoeba, 
the "map" gt may be multivalued). 

We then have the following diagram: 



A{Ft)^Logt{V{Ft)) CK^ 



n+l 



2) For F G KR[a;], < i < 1, G M.[x\, The real amoeba ofWV{Ft) is 



A\Ft)^hogt{M.V{Ft)). 



(4) 



RV{Ft) 




A^{Ft) 



MP' 
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a) In M2 X {(1,0)} b) In the first quadrant x {(0, 0)} 




c) In M2 X {(1,1)} d) In M2 X {(0, 1)} 



Figure 2. The real part RV^{fc) of the real tropical conic V^{fc) 
in the four quadrants (after the relevant reflections). The signs of 
the corresponding vertices of the dual triangulation are indicated 
in each region of the plane. 



where gt is the Gauss map and 7^ — gtoLogj the logarithmic Gauss map, defined 

as: 

^ r 9Ft 

Remark 3.3. According to diagram (U), the total curvature of the amoeba A^{Ft) 
is 

/ \k\dv^ [ #{^f)-\l3)ds 

In the complex case, contrary to the real case, the Amoeba A{Ft) is not in 
general an immersed manifold, therefore there is no natural definition of a Gauss 
map A{Ft) CP". However, the Logarithmic Gauss map 74: V{Ft) CP" is 
meaningfuU, and we have the following diagram: 
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Figure 3. The real tropical conic V^{fc) after applying the map eyp. 




A{Ft) CP" 
It is then natural to give the following definition (see 
Definition 3.4. The total curvature of the amoeba A{Ft) is defined by 

JA[Ft) J CP" 

Remark 3.5. We consider subvarieties of the torus (C*)" therefore for any ui S 
Z"+^, Ft and x'^Ft define the same variety. Moreover, the logarithmic Gauss map 

7 : V{Ft) CP" 

is also invariant when multiplying Ft by (since the tangent space to V{Ft) at a 
given point is unaffected by this action). 
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These definitions lead us to consider the systems 

OXn+l 

where [/3] = [/3i : /32 : ■ • • : Pn+i] is an element of CP"+^. Since we only consider 
solutions in the torus, the system {G'^) is equivalent to 

Ft = 
dFt 



2^1-^ — = /3iy 

OXi 



dFt 

Xn+1T{ = Pn+iy 

dXn+i 



where we introduce a new variable y G C*. 

Definition 3.6. We say that a polynomial Ft is B-generic if, for a generic j3, the 
system {Gp) satisfies the genericity conditions of |Ber75] i.e., the restriction of the 
system to any proper face of the convex hull of its set of exponent has no solution 
in the torus. 

Remark 3.7. Let (Gp) be the system 
'x'^Ft = 

dx'^Ft dx'^Ft fe-Ft, ^ « 1 • 

[xi—^ : X2—^ : . . . : Xn+i^ ^ [Pi : P2 : . . . : Pn+i\ 

OXi dX2 axn+i 

If the Newton polytopes of Ft and x'^Ft are included in (M^)"+^ we find al- 
gebraically the statement of Remark 13.51 Indeed, (G^) is then clearly equivalent 
to: 

dFt dFt dFt ^ P2 Pn+i- 



[Xi- — : X2 7^ — : ■ • • : a;„+i- 



dx\ dx2 dxn+i x'^ x'^ 

since we consider solutions in (C*)"+^. Thus (G^) is equivalent to (G^) and for 
every G CP"+^, both corresponding logarithmic Gauss maps have the same 
fiber. 

Let F^ denote the truncation of Ft to a face 5 of the Newton polytope A^^^ of 

Ft. 

Definition 3.8 (Viro). Let F e C[a;i, . . . ,x„+i] he a polynomial, Ap its Newton 
polytope and X/xp the toric variety associated to Ap. We say that F is completely 
non-degenerate if for each (not necessarily proper) face S of Ap the restriction 
F^ defines a non-singular variety in (C*)"^"'^. 

Remark 3.9. Let F G K[xi, . . . , Xn+i] be such that TropF is non-singular. Then 
Ft is completely non-degenerate for < i <C 1. 

Proposition 3.10. A polynomial Ft G C[a;i, . . . is B-generic if and only if 

it is completely non- degenerate. 
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Proof. The support polytope of the system (Gp) is the cone with apex (0, . . . , 0, 1) 
over x {0}. In fact, A^ is the Newton polytope of all polynomial of (G^) but 
Ft. 

The restrictions of {Gp ) to the faces of are either of the form 



Xi 




ox I 



dXn+l 



or of the form, 



Xi 



dFl 
dxi 



Xn+l 







dXn+l 

for 5 a face oi Apf 

The system (G^) is the resctriction of {Gp) to the cone with apex (0, . . . , 0, 1) 
over a face 5 oi Ap. 

By definition. Ft is B-generic if and only if for all proper faces 5 of Ap^ the 
systems (G^) have no solution for a generic fi and for all (not necessarily proper) 
faces 5 oi Apt the systems (Gg) have no solution. 

Note that (Gg) has no solution if and only if V{Ff) is non-singular in (C*)"+^. 

Assume first that Ft is B-gcncric. Then, in particular for all (not necessarily 
proper) faces 5 oi Ap^ the systems (Gg) have no solution. So, for any face 6, V{Ff) 
is non-singular which is equivalent to Ft being completely non-degenerate. 

Assume now that Ft is completely non-degenerate. We saw above that this 
implies that for all (not necessarily proper) faces 5 oi Ap^ the systems (Gg) have 
no solution. We only need to check that for a generic /3, the systems (G^) have no 
solution for all proper faces 5 of Ap^. 

Let us now fix a proper face 5 oi Ap^ and consider the system (Gt). Denote by 



7^ the map 



X ^ {x 



Is ■■ (C*)"+^ 
dFf 



■■■■,■''11+1-^, 

OXi OXn+l 

Note that e 15{V{F^)) if and only if V{F^) is singular. Let us write Ft{x) = 
Sa6£(Ft) o.a^^"- Since dim{6) < n + 1, S is contained in a hyperplane and there 
exist n € R"+^ and c € M such that for any exponent a of F/, 



ra+l 

5F/ 



)• 



For any x G (C*)"+i, 



jj, ■ a = c. 
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In particular, if x £ V{Ff), /i • ^si^) — 0- Then, jg{V{Ff)) is contained in the 
hnear hyperplane orthogonal to /i. 

Then, for any S the system (G^) has no solution in the torus if the line (/?i2/, . . . , /?«+ 
is not contained in . Since there exists a finite number of hyperplanes containing 
all the proper faces of Ai?^ , 

is contained in a finite union of linear hyperplanes. Then, for a generic [/3] none of 
the systems in {(G^),5 proper face of Ap^} has a solution. Thus Ft is B-generic. 

□ 

From now on we consider completely non-degenerate polynomials. 

Proposition 3.11. A polynomial Ft is completely non-degenerate if and only if 
the degree of the map jt is 

{n + iy.vol{AF,). 

Proof. It follows directly from Proposition 13.101 applying Bernstein theorem to the 
systems (Gp). □ 

As a direct consequence of Proposition 13.101 we have the following corollary. 
Corollary 3.12. Ft is completely non-degenerate if and only if 

[ K = (-l)"a„(n + l)\vol{Ap)vol{Cf"') 

which does not depend on t. 

We have then the following inequality, similar to ^ for the logarithmic curva- 
tures of the real and complex parts of a real algebraic hypersurface: 

Theorem 3.13. For any completely non- degenerate Ft G . . . ^Xn+i\, 

(5) ^ / \k\< [ \K\. 

Proof We have seen that /^^^^^ K = (-l)"a„(?i + 1)!wo;(Af)woZ(CP"). For x G 
MP", the cardinality of the real fiber (7f)~^ is smaller than the cardinality of 
the complex one. So we similarly have that /_4K(^j-) 1^1 < deg{jt)vol(MF") , with 
wo/ (CP") = and wo/ (MP") = ^ from which the inequality follows. □ 

Corollary 3.14. There is equality in the above theorem if and only if the map jt 
IS totally real, i.e., %\x) C M.V{Ft) for x G RP". 

Remark 3.15. One can prove (see |PR11| ) that for a non-singular real curve, the 
maximality for the above inequality characterises the Harnack curves in the sense 
of [MikOOj . 
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4. Complex and real total curvature of tropical hypersurfaces 

4.1. Complex total curvature. Let / be a tropical polynomial, F e K[x] realis- 
ing / and such that Ft is completely non-degenerate for < < <C 1. Since the total 
curvature of the Amoeba A{Ft) does not depend on i for < t ^ 1, we define the 
total curvature of the tropical variety V(f) by passing to the limit in the trivial 
way: 

Definition 4.1. Let f be a tropical polynomial. We define the complex total cur- 
vature of V{f) as 



(6) / K -.^ X = (-l)"a„(n + l)!t;o;(Ai.)woZ(CP"). 
Jv(f) JA(Ft) 

Notice that {—1)'^K is a positive function, then \K\ = {—1)'"-K, therefore /y(y') \K\ 
t;o/(CP") X (n -f l)!t;o;(A/) x a„. 

Corollary 4.2. For any primitive tropical hypersurface H , 

(7) I K = (-l)"a„i;o;(CP"). 

JH 

Corollary 4.3. Let f he a tropical polynomial and let Vi,...,Vr be the set of 
vertices ofV{f). Then 

K^y^l K. 

VU) 1=1 J V (In, J) 

4.2. Total curvature of real tropical hypersurfaces. 

Definition 4.4. Let F G KR[a::i, . . . , a;„-)-i] be a real polynomial, f — Trop{F) its 
tropicalization. 

The real total curvature ofV^{f) is defined as 



/ |fc| := limsup / \k\. 

Jv^if) t^O J A* {Ft) 



Remark 4.5. The proof of Proposition 14.81 below implies that if V{f) is non- 
singular, 1^1 has a limit when i — > 0. 

Recall the following diagram: 

(8) 




where gt is the Gauss map and — gt ° I^ogj the logarithmic Gauss map, defined 
as: 

It [x) = 

It follows immediately from Theorem 13.131 and Definitions 14.11 and 14.41 that real 
and complex tropical curvatures satisfy an inequality similar to Inequality ([3]). 
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Theorem 4.6. Let F G KR[a;i, . . . be a real polynomial and f = Trop{F) 

be its tropicalisation. We have 

(9) ^ / \k\< [ \K\ 

□ 

We now establish one the main results of this article; namely that the Inequal- 
ity ([9]) of Theorem 14.61 is an equality for real non-singular tropical hypersurfaces 
(Theorem 14. 10[) . Let us first look at the case of a primitive hypersurface. 

Proposition 4.7. Let f be a primitive tropical polynomial, tropicalisation of F E 
KR[a;i, . . . ,a;„+i]. Then, 

= wo/(RP") = ^. 

Proof. We have /_4E(^j) |^| =^o\{Im{gt)) by definition. But the map 7* is gener- 
ically of degree one by Berstein's theorem, and for a generic /3 G MP" (namely 
in the complementary of the set of normal directions to non-compact cells of the 
tropical variety V{f)), we have i^{^f)-\[i) < #{jt)-Hl3) = 1 and #{jf)-\p) = 
#(7t)"H/3) mod 2; therefore #(7f)"^(/3) = 1 and we have that vol(/m(5t)) =vol(/m(7f)) = 
vol(KP") = ^, and (Uni) passing to the hmit. □ 

Let now F{x) = ^ ai{t)x"* G Kr[2:i, . . . , Xn+i] be a polynomial such that / = 
TropF is non-singular, {^i)(i<i<r) the vertices of V{f), Ap — UA^ the subdivision 
of Ai? in simplices dual to V{f). Then for each vertex v^, we set f^' = TropF^', 
with F"^' = J2ajeAi o.jX'' ■ Notice that In^J = f^'- 

The main step in the proof of Theorem 14. 101 is the following: 




Proposition 4.8. Let F G K]Si[xi, . . . , Xn+i] be such that f —TropF is non- 
singular. Then 



\k\ = r woZ(MP"). 



Before proving the proposition, we need a lemma of "localisation" at a vertex. 



Lemma 4.9. Let v G V{f) be a vertex, v = (Ai, . . . , A„+i) G M"+i. Let (3^ G MP" 
be a generic element ( see the proof of Proposition \4. and rj > be given. Then 
there exist e > and to > such that for any /3 such that d{l3,l3o) < e and t such 
that < t < to, we have B{v,ri) fl g^^{f3) ^ 0. Here d is induced on MP" by the 
distance on the unit sphere in M"^"'^. 

Proof. Up to multiplying each Xi by t^^' (which has the effect of translating the 
vertex v to 0) and multiplying Ft by the relevant power of t, one may write: 

Ft{x)^ J2 a,{0)x" +fQt{x) 

a^Vert(v) 

where 0^(0) G M*, ^ is a positive real number and Qt G K'^[a;i, . . . , a:„+i] is 
a polynomial whose coefficients have non- negative valuation. We set H{x) — 



ON THE TOTAL CURVATURE OF TROPICAL HYPERSURFACES 



15 



Ecevertiv) a»(0)a;" so that Ft ^ H + f'Qt. For /3 e MP", the points of g^^^) 
are the iniages under Logj of the solutions of the system: 

{G'p) { dFt dFt . 

I axi dxn+i 
For a generic /3o , we know by the proof of Proposition 14.71 that the system: 
' H 

dH dH 
[xi^ — : . . . : Xn+iT: = Po 

OXi OXn+1 

has a non-degenerated solution xq. Then the system: 

(H = 

I dxi dXn+l 

has a solution x^ such that Log{xH) is in the ball i3(Log(a;o), 1) for d{l3,l3Q) suffi- 
ciently small. 

The system (G^) is a one parameter deformation of (G^) therefore it has a 
solution xp such that Log(a;i?) G i3(Log(a::o), 2) for t small enough. Then Log((a;i?) 

is in the ball B( '^^^'^^-^ _ -) which is included, for t small enough, in i?(0, n) — 



Let us now prove Proposition 14.81 

Let C MP" be a compact set, io > and e > such that: 

1) Vol(MP" \ r2) < e 

2) For any direction /3 e 17 and any vertex v of the system (G^) has a 
non-degenerated solution. 

Then, if r is the number of vertices of V^(/), we have that for < i < Iq. 

\k\> TOo/(KP") - re 

lA*-(Ft) 

passing to the limit when ^ and e — gives the result. 
We now deduce easily the main result of the paper. 

Theorem 4.10. Let F G IKR[a;i, . . . , Xn+i] he such that f —TropF is non-singular. 
Then 

(11) ^/ \k\^ f \K\ 

Proof. By Proposition 14.81 and Corollary 14.31 it is enough to prove the theorem in 
the primitive case. We have then to prove that ^^woZ(MP") — a„wo^(CP") with 
uoZ(CP") = ^f^, that is immediate. " □ 

5. Polyhedral total curvature of a real tropical hypersurface. 

5.1. Definition and elementary properties. Our definition of the curvature 
in the polyhedral case is similar to Banchoff's in [BanTOj (see also |Ban67j and 
|Ban83] ) but, exactly as in the complex case, we only consider absolute value of the 
curvature here. 
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It amounts to the following. The solid angle of a cone is the portion of the 
unit sphere centred at the vertex of the cone that it intersects, its measure is the 
volume of this spherical portion. We might abuse terminology and write "solid 
angle" when we mean its measure. 

Let V be a vertex of a polyhedral hypersurface (here our real tropical hy- 
persurface ]RV!|f (/)). For sufficiently small neighbourhoods [/ of v, U\S) has two 
connected components. Label one by + and the other by — (for RV^(/) these 
will be the signs of the corresponding vertices of the dual subdivision). For each 
maximal dimensional cell of Sj containing v, choose a normal vector oriented from 
— to +. The curvature cone Cv at v is the cone generated by these vectors. 

Definition 5.1. The curvature k„ at v is the measure of the solid angle of the 
curvature cone C„. 

Remark 5.2. For Vj''(f) the normal vectors above can be chosen to correspond to 
the vectors rii supported by the edges of the simplex v dual to v and oriented from 
a vertex with — sign to a vertex with + sign. 

Thus the curvature cone Cv is naturally identified to the cone generated by the 
Ui's and depends only on the simplex v dual to v and the sign distribution at the 
vertices of v. 

Remark 5.3. Changing all the vectors to their opposites clearly leaves k-v invariant. 

Definition 5.4. Let f be a generic tropical polynomial and let •& he a distribution 
of signs in £{f). The polyhedral total curvature ofVf{f) is 

[ |F|:= Yl 

•'K(f) veVert(RViU)) 

i.e., it is the sum of the curvatures at all vertices of the real part of V^{f). 

It follows from the definition that we have the equality below. 

Lemma 5.5. Let f be a generic tropical polynomial let i? a distribution of signs in 
£{f). If vi,. . . , Vk are the vertices ofV{f), then 

where ■di = 'd \e{in„j) ■ 

We denote by Cs^(v) the curvature cone at the vertex Sz(v) of the real tropical 
hypersurface IRV^(/). It is the cone generated by vector edges of ij oriented form 
vertices with minus sign to vertices with plus sign in the sign distribution Sz{'d). 

Remark 5.6. One can also define the curvature &ta vertex v of V{f) to be the 

sum over all symmetric copies ^^(v) of v appearing in RVj^(/) of the solid angles of 
the corresponding curvature cones Cg^(y) i.e., Kv '■= (v)6RV"(/) '^i^zi'^))- Then 

IvfU) l^^l ^ J2veVert{V(f)) '^v- 

5.2. Elementary simplex case. 

Definition 5.7. Let S G 1R"+^ be a simplex with integer vertices and ('Ui)je{i..n+i} 

be the collection of the vectors defined by edges issuing from one of its vertices. 
The simplex S is elementary if (ui)jg is a basis of (Z2)""'"^ where ul is the 

reduction modulo 2 of Ui. 
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Proposition 5.8. Let f he a tropical polynomial such that Af is an elementary 
simplex and that £{f) — Vert{Af). Then, for any distribution of signs 

(12) / |P| = ^. 

In particular, Proposition 15.81 holds for primitive real tropical hypersurfaces 
(those whose Newton polytope is primitive) since a primitive simplex is elemen- 
tary. The two corollaries below follow from Proposition 15.81 and Lemma 15.51 

Corollary 5.9. Let f be a generic tropical polynomial and let Vi, . . . , vi be the ver- 
tices ofV{f). If Ajn^ f is an elementary simplex for alii then, for any distributions 
of signs d, 

vfif) ^ 

Corollary 5.10. Let f be a non-singular tropical polynomial. Then, for any dis- 
tribution of signs 



/ Ik^l^in + iy.VoliAf)^. 



From Proposition 15.81 and Proposition 14.81 we deduce the equality between the 
polyhedral curvature and real total curvature of a non-singular real tropical hyper- 
surface: 

Proposition 5.11. Let f be a non-singular tropical polynomial. Then, for any 
distribution of signs 



\k\ = / 

Proof. Both can be expressed as {n -\- l)!V^o/(A/) times the volume of RP" (see 
Corollarv l5.10l in the polyhedral case). □ 

5.3. Proof of Proposition [STSl We will use the following proposition which es- 
sentially follows from Itenberg's Prop 3.1 in |Ite97j . 

Recall that RV^{f) — RV*^(/) so for our study we might as well consider sign 
distributions up to total inversion of signs. We will denote 'T>£{f) the set of sign 
distributions on £{f) up to simultaneous change of all signs. 

Proposition 5.12. Let S be an elementary simplex. The group (Z2)"~''^ acts tran- 
sitively on T)vert{s) ^io, the maps Sz (see Subsection \2.4^ . 

Proof. In notation of Definition IS . Ti the Ui^s form a basis of (Z2)"^^ . Let (zi)i=i..n+i 
be the dual basis. Then for each vertex Vi of S, 

• either Sz-i^){v,) = -d{v,) and S^{i^){v^) = §{v^) for Vj ^ v, 

• or Sz-{d){v,) - ^(v,) and S^{^){vj) = -^(v,) for v, + v,. 

□ 

We will prove that the curvature cones defined by a real tropical hypersurface 
dual to an elementary simplex S give rise to a partition of a half-space, which yields 
the result. 

Since we are considering the sign distributions up to total inversion of signs, we 
can assume that for one vertex of S, Sz{'d){vo) ~ —1 for aU z G Z2"^^. By 
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Proposition 15. 121 and Remark 15.21 the cones we need to consider are exactly those 
corresponding to all distributions of signs on Vert[S) such that vq carries a minus 
sign. Let us denote by C^p the curvature cone corresponding to such a distribution 

Let us prove that the curvature cones C,^ naturally define a fan which covers a 
half-space. 

To each vertex v oi S one associates its opposite facet , the vectorial hyperplane 
Hy parallel to Fy and a vector ny normal to Fy pointing from Fy to the interior of 
S. 

For a vertex v oi S let Hy and i7+ be respectively the half-space defined by 
{x e M"+\ n„ • a; < 0} and {x G R"+\ n^, ■ x >0}. The key point is the following 
fact. 

Lemma 5.13. For a sign distribution ip (with (p(vo) = — Ij, the curvature cone 
Cip is the intersection of the half-spaces Hy^^^ for all v G Vert{S). Moreover it is 
enough to intersect only those Ht^^'^ such that ip{V ert{Fy)) — Z2. 

Proof. We need to prove that the cone C^p is defined by {x G , Mv G Vert{S), p{v) Uy ■ 
X > 0}. 

Let us denote hy E — {a} the set of edges of S whose vertices have different 
signs and hy W = {wi} the set of vectors such that Wi is supported by and 
oriented from "-" to For any v G Vert{S), W C ff^^"''. If e, is not in the 

face Fy of S opposite to v, it points towards the (affine) half-space containing S if 
(p{v) is and towards the other half-space determined by Fy if ip{v) is "-" . Thus 

C'lp C Hy^sHv^^'^ ■ 

Let us prove that each facet of C,^ is parallel to a facet of S and thus included 
in some Hy which leads to the equality in the above inclusion. 

Each facet of C^p is a cone generated by a subset Y of W whose linear span 
< F > is of dimension n and such that all vectors of \ y are on the same side 
of < y >. 

Let y be a subset of W, Ey be the corresponding subset of E and assume that 
dim < Y >— n and < y > is included in no Hy. Let us prove that the cone 
generated by Y is not a face of C^. Each vertex of S belongs to an edge of Ey 
(otherwise <Y > would be parallel to a facet of S). 

Let Vert{S)'^ (resp. Vert{S)~) be the set of vertices of S with respectively 
"-" signs. If either ^Vert{S)~^ or ^Vert{S)~ is 1 then is just the cone of apex 
a vertex v over its opposite face Fy and its facets are cones on facets of Fy . 

Let us then assume that ^Vert{S)^ > 2 and ^Vert{S)^ > 2. If every pair of 
vertices in Vert{S) were connected by a chain of edges in Ey then every vertex 
would be connected by a chain of edge in Ey thus dim < y > = n + 1 which would 
contradict the hypothesis. 

Thus the edges in Ey split in several connected components Ey. Each one 
contains at least one element of Vert{S)~ and one element of Vert{S)^ . The affine 
span AS{Ey) of Ey is just the affine span of the vertices it contains, thus it is the 
affine span of the corresponding face of S. 

Each Aff(£'y) is parallel to < y > which is of codimension one. Since Ey covers 
all vertices of 5, all Aff(E'y ) are not in the same affine hyperplane parallel to < F >. 
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Then an afRne hyperplane parallel to < y > separates the affine spans AfF(i?y) 
and AS{Ey) of two connected components Ey and Ey- 

Let us pick two vertices with minus sign vi ~ and V2 ~ respectively in Ey and Ey . 
Let Wi (resp. W2) be vectors in W \ Y having origin (resp w^) and extremity a 
vertex in Ey (resp. in Ey). The connected components Ey and Ey being separated 
by an hyperplane parallel to < 1" >, the vectors wi and W2 are not on the same 
side of < y > and Y does not generate a facet of C<^. 

Thus each facet of dp is contained in one of the hyperplanes Hy and, since we 
already have that C fltigsiJ^'"', then C<^ = Clv^sHv^^^ ■ 

It is enough to intersect only those Hv^^'' such that Lp{Vert{F^)) = Z2. Indeed 
when the signs of all the vertices of a facet are the same, the intersection of C^p 
with is the origin. 

□ 

Remark 5.14. In the proof of Lemma fS.lSl one can easily see that, if dim < Y >= 
n and < y > is included in no Hy, Ey has exactly two connected components. 
Indeed, the afhne spans AS{Ey) are just the spans of pairwise disjoint faces of S. 

Let m be the number of connected components of Ey- Each Ey contains 
dim AfF(£^y) + 1 vertices and J^T dim AfF(£^y) = n. But the number of vertices in 
S isn + 2, thus YT (dim Aff(i;|,) + l) = n + 2 and m < 2. 

Lemma 5.15. Consider the union As — ^veVert{S)Hv of all linear hyperplanes 
Hy and the collection of curvature cones C = (C^){^|^(„„)^_i and ^(Vert(S))=z^]- 
The cones in C are precisely the maximal dimensional closed cones in H^^^ defined 
by As- 

Proof. By Lemma 15.131 for a sign distribution (with </3(wo) — the curvature 
cone Cip is the intersection of the half-spaces Hf'''^ for aU v £ Vert{S). 

Any cone D which is the closure of a connected component of the complement 
of As n ~ in if ~ is of the form . Indeed it is defined by a choice of a side for 
each hyperplane Hy i.e., by the choice of the sign of the scalar product of vectors 
in the interior of D with n„ for each v G Vert(S). The sign distribution if is then 
given by ip{v) = sign{ny ■ x) for any x in the interior of D. Indeed, setting a sign 
on a vertex of S amounts to choosing on which side of Hy are all vectors not in 
Hy generating dp. The sign "-" corresponds to pointing from Fy to the exterior 
of S and "+" from Fy to the interior of S. (Of course cones defined by a choice 
of side for each n + 2 hyperplanes Hy can sometimes be reduced to the origin; this 
corresponds exactly to a sign distribution ip on Vert{S) which does not surjects on 
Z2, i.e., to an empty orthant on the real tropical variety side.) □ 

Thus the closed cones d^ clearly cover H^^. (A vector x in H^^ not belonging 
to one of the Hy^s is in d^ if and only if for all v e Vert{S), ip{v) — signijiy ■ 
x).) Moreover by Lemma 15.151 thev realise a subdivision of H~^. So, since by 
Proposition 15.121 we get all possible sign distributions such that ip{vQ) — —1, we 
proved that /^.^^^ \kP\ = = 2^, □ 

Example 5.16. On Figure |4] and Figure [5] we illustrate Proposition 15.81 on the 
trivial case of a real tropical line. We depict the angles formed by the vectors 
generating the curvature cones which in this case are the angles of the Newton 
triangle. 
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Figure 4. In the case of a tropical curve (n = 1), Proposition [5?8] 
follows from the fact that the sum of the interior angles of a triangle 
is equal to tt. 




Figure 5. The curvature cones for the real line cover H~^. The 
symmetric copies of the non-empty quadrants are shown on the 
left and the corresponding sign distributions at the vertices of the 
Newton polygon on the right. The bottom left picture shows how 
the curvature cones cover a half-plane. 

6. Complement 

6.1. Tropical lower bound. In a forthcoming paper, the second author studies, 
using tropical geometry, the limit when t goes to zero of the real total curvature of 
a family BY (Ft) of real algebraic hypersurfaces. This study allows to give a lower 
bound to this limit, for any polynomial F S Kr[x] realising a generic tropical hy- 
persurface. This bound depends only on the tropicalisation of F and will be called 
the tropical bound. 
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will be bounded from above by the Risler's complex bound (see Inequation ^) and 
from below by the tropical bound. A polynomial F e KR[a;] is called maximal with 
respect to the real total curvature if the Risler's upper bound is sharp. In other 
words, a polynomial F e KR[a;] is maximal with respect to the real total curvature 



The idea behind the construction of the tropical bound is to look for the valuation 
of points in V{F) D (Ky"+^ that concentrate the real total curvature: a point 
X G V{F) n (IKg)"+^ concentrates the real total curvature if for any family of 
neighbourhoods {J/t}o<i<i of the family of points x{t), 



Via tropical methods, the second author gives a lower bound for the number of 
points in V{F) that concentrates the real total curvature and the tropical bound 
arises as a direct consequence. Using this study, an infinite family of polynomials in 
KR[a;] whose tropical bound is equal to their Risler's complex bound is constructed. 
This is a tropical proof of the following theorem: 

Theorem 6.1. For any d G N and any n G N, there exists real polynomials of 
degree d in IK[a;i, . . . ,Xn+i] maximal with respect to the real total curvature. 

One deduces from this theorem a tropical proof of Orevkov's observation (see 
|Ore07) ) about the sharpness (up to any e > 0) of Risler's complex bound for affine 
real algebraic hypersurfaces. In the Viro's patchworking language, this result has 
been also proved in |LdM07j . 

6.2. Gauss-Bonnet. Let / be a non-singular tropical polynomial with Newton 
polytope A/, V{f) the tropical variety it defines and A/ = UA^ be its dual (prim- 
itive) triangulation. 

Proposition 6.2. Let V{f) be a non-singular tropical hypersurface with Newton 
polytope Af, and V C (C*)""'""'^ be a generic complex hypersurface with Newton 
polyhedra Af. Then: 



where x{V) stands for the Euler characteristic of V . 
Remarks 

a) If M is a compact real variety of even dimension n — 2m, the classical Gauss- 
Bonnet formula is 



if 





(13) 
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b) For n = 1 (curves), ([T3| gives: 

K = 27rx(V') = -47rwo/(A/). 



'v(/) 

c) For n — 2 (surfaces), (fTS]) gives: 



/ K ^ A^xiV) ^ &7:^vol{Af). 
Jv(f) ^ 



Proof, (ofdni)). 

If F C (C*)"+^ is a generic hypersurface with Newton polytope A/, 
one has x(l^) — (— l)"(n + l)!wo/(A/) (Hovansky's formula, cf. fHov78j '). The 
tropical variety V{f) is by hypothesis dual to a primitive triangulation A/ = UA^ 
with volAi = l/(n+ 1)!. 

Let r be the number of A^'s {i.e., the number of vertices of V{f)); then one has: 

K = r(-l)"a„?;o/(CP") = r(-l)"a„^2!lti 
by Definition l4.1l 

This proves because vol{Af) = r x (l/(n + l)!), and then (-l)"r = xiV). □ 

References 

[Ban67] Thomas F. BanchofT, Critical points and curvature for embedded polyhedra, J. Differen- 
tial Geometry 1 (1967), 245-256. 

[Ban70] , Critical points and curvature for embedded polyhedral surfaces, Amer. Math. 

Monthly 77 (1970), 475-485. 

[Ban83] , Critical points and curvature for embedded polyhedra. II, Differential geometry 

(College Park, Md., 1981/1982), Progr. Math., vol. 32, Birkhauser Boston, Boston, MA, 
1983, pp. 34-55. 

[Ber75] D. N. Bernstein, The number of roots of a system of equations, Funkcional. Anal, i 
Prilozen. 9 (1975), no. 3, 1-4. MR 0435072 (55 #8034) 

[BerlO] Benoit Bertrand, Euler characteristic of primitive T -hypersur faces and maximal sur- 
faces, J. Inst. Math. Jussieu 9 (2010), no. 1, 1-27. 

[Hov78] Askold G. Hovanskii, Newton polyhedra, and the genus of complete intersections, Funk- 
tsional. Anal, i Prilozhen. 12 (1978), no. 1, 51-61. MR 487230 (80b:14022) 

[Ite97] Ilia Itenberg, Topology of real algebraic T-surfaces, Rev. Mat. Univ. Complut. Madrid 
10 (1997), no. Special Issue, suppl., 131-152, Real algebraic and analytic geometry 
(Segovia, 1995). 

[Lan79] Remi Langevin, Courbure et singularites complexes. Comment. Math. Helv. 54 (1979), 
no. 1, 6—16. 

[LdM07] Luci'a Lopez de Medrano, Courbure totale des hypersurfaces algebriques reelles et patch- 
work, Ph.D. thesis, 2007. 

[MikOO] Grigory Mikhalkin, Real algebraic curves, the moment map and amoebas, Ann. of Math. 
(2) 151 (2000), no. 1, 309-326. 

[Mik04] , Amoebas of algebraic varieties and tropical geometry. Different faces of geom- 
etry. Int. Math. Ser. (N. Y.), vol. 3, Kluwer/Plenum, New York, 2004, pp. 257-300. 
MR 2102998 (2005m:14110) 

[Ore07] Stepan Yu. Orevkov, Sharpness of Risler's upper bound for the total curvature of an 
affine real algebraic hypersurface, Russian Math. Surveys 62 (2007), 393-394. 

[PRll] Mikael Passare and Jean-Jacques Risler, On the curvature of the real amoeba, Proceed- 
ings of the Gokova Geometry-Topology Conference 2010, Int. Press, Somerville, MA, 
2011, pp. 129-134. 

[Ris03] Jean-Jacques Risler, On the curvature of the real Milnor fiber. Bull. London Math. Soc. 
35 (2003), no. 4, Aib-AbA. 



ON THE TOTAL CURVATURE OF TROPICAL HYPERSURFACES 



23 



[Vir83] Olcg Viro, Gluing of algebraic hypersurfaces, smoothing of singularities and construction 
of curves, (in Russian), Proc. Leningrad Int. Topological Conf., Leningrad, 1982, Nauka, 
Leningrad (1983), 149-197. 

[Vir84] , Gluing of plane algebraic curves and construction of curves of degree 6 and 7 

(Inm 1060), Lecture Notes in Mathematics 1060 (1984), 187-200. 

[VirOl] , Dequantization of real algebraic geometry on logarithmic paper, European Con- 
gress of Mathematics, Vol. I (Barcelona, 2000), Progr. Math., vol. 201, Birkhauser, Basel, 
2001, pp. 135-146. 

Universite Paul Sabatier, Institut Mathematiques de Toulouse, 118 route de Nar- 
BONNE, F-31062 Toulouse Cedex 9, France 

E-mail address: benoit.bertrandSmath. univ-toulouse.fr 

Unidad Cuernavaca del Instituto de Matematicas,Universidad Nacional Autonoma 

DE Mexico. Cl'erkavaca, Mexico 

E-mail address: luciaOmatcuer .unam.mx 



Universite Pierre et Marie Curie, Paris 6, 4 place Jussieu, 75005 Paris, France 
E-mail address: risleri9math.jussieu.fr 



